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Abstract 
 
Proportional Hazard regression model for censored survival data often specifies that covariates have a 
proportional fixed effect on the hazard function of the lifetime distribution of a subject. A modification of 
the proportional hazards model of Cox (1972) to accommodate the non-proportional effect on hazard 
with a time-varying covariate and the introduction of guarantee time into the Weibull distributed baseline 
hazard function. Simulations were conducted to investigate properties of the models. Our approach had 
shown to have the best asymptotic properties in a simulation study with mean, Absolute Bias (AB) and 
Mean Square Error (MSE) of the parameter estimates for the models (under different levels of censoring 
and sample sizes) using simulated data.  
 
Keywords: Cox model, Extended Cox Model, guarantee time, time varying covariate. 
 
 
Introduction 
 
The assumption that covariates remain fixed over survival time may not always be true and 
current values of covariates may be more meaningful than its value when the study started 
Arasan and Lunn (2009). Failure in the assumption of proportionality leads to Non-proportional 
hazards models. This leads to the recent developments on the modelling of time-varying 
covariate and its effect. In most medical problems, proportional assumption failed because 
most of the factors are time-varying, thereby allowing applicability of NPH models. Examples 
of covariates that change in their values over time are blood pressure, exposure to radiation 
blood cell count. New extensions of the Cox model with time-varying covariate have been 
developed. There are a number of related articles on these models. The works of Leemis 
(1987, 1990) and Shihand and Leemis (1993) offered different frameworks on the Cox model 
with time-varying covariate following the accelerated life and proportional hazards models 
basically on a time-varying covariate. Zhou (2001) used an exponential distribution in 
conjunction with a transformation of the Cox model to including time-varying covariate. Failure 
time sometimes is modelled to include an initial threshold parameter (or guarantee parameter) 
before which it is assumed that failure cannot occur, Kalbfleisch and Prentice (2002).  
 The introduction of guarantee time into Exponential, Weibull and Gompertz distribution 
were considered by Lee and wang (2003) and lawless (2003). Scheike (2004), Wong et. al. 
(2006), Arasan and Lunn (2009) presented some developments that considered time-varying 
effect of covariates and also emphasized the use of semiparametric models where some 
effects are time-varying and some are time-fixed; thus giving the extended flexibility only for 
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effects where a simple description is not possible. Occasionally, situations call for the inclusion 
of such a parameter. Bender et. al. (2005) generated survival times that follow Proportional 
hazards applied it to modelling characteristics of human mortality. Austin (2012) came up with 
the work on the generation of survival time that follows both proportional and non-proportional 
hazards model. This was an improvement over Bender et.al. (2005). He extended the work by 
considering non-proportional hazard and proportional hazard models i.e Semi-parametric 
hazards models. In this paper, we extend Cox proportional hazard models given by Cox (1972) 
as well as the work of Austin (2012) by incorporating a guarantee time as proposed by Lee 
and Wang (2003) using Weibull distributed baseline hazards. We performed simulation in order 
to investigate some asymptotic properties of the estimated parameters. 
 
Materials and Methods 
 
Consider the guarantee time tg; tg>0, specified for a subject under study and defined as the 
time within which no death or failures can occur or the minimum survival time (Lee and Wang, 
2003). A good real-life example of a scenario with guarantee time is the expected delivery time 
in the duration of pregnancy. Some pregnancies are delivered before the due date or a 
minimum number of weeks. Let ti= min (T; C), be the observed time to event (failure), where 
T is the follow-up time, with T <tg; T >tg; or T = tg and C is the censoring time which is often 
random. If tg= 0 then, the model reduces to proportional hazards model (Parametric or Cox). 
This study considers a situation where T<tg. We begin with an exponential function proposed 
by Lee and Wang (2003), where guarantee time is defined as the time within which no death/ 
birth/failures can occur or a minimum survival time. In their own case, the model reduces to 
the usual exponential function if tg= 0. We propose in this study a time-varying model with 
guarantee time. Let us first consider the usual exponential function as defined by Lee and 
Wang (2003) given by 
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Recall that the standard Cox (1972) model is given by: 
 
0
( ) ( ) exp( ' ) (4)h t x h t x  
 
and the corresponding Extended Cox model with time varying covariate z(t) is given by: 
 
0
( ) ( ) exp( ' ' ( )) (5)h t x h t x z t    
 
where  and t  are time fixed and time varying coefficients respectively. Clearly (3) is a 
component of (4) if the baseline survival function follows exponential distribution. To introduce 
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guarantee time gt into the baseline hazard function of (5), we let ( )gt t   ; for gt t , we 
obtained: 
 
0
0
( ( ), ) ( ) exp[ ' ' ( )]
( ( ), ) ( ) exp[ ' ' ( )] (6)
g g
h t t z x x h t t x z t
h z t x h x z t
 
   
   
 
 
 
Equation (6) is the Extended Cox Model with guarantee time gt , which is also a member of 
semiparametric non-proportional hazard models. As noted by Bender et al (2005). and Austin 
(2012), the parameters required for each distribution, the hazard function, the cumulative 
hazard function, inverse cumulative hazard function and the formula for simulating survival 
times for each distribution in the setting of time -invariant covariates are described in Table 1. 
A parametrization of Bender et al (2005) is used for the Weibull distribution. 
 
Simulation Study 
 
Let Yi be a random variable with cumulative distribution function F and density function f, then 
U=F(Y) is uniform distributed random variable U~U(0,1). Moreover, if U~U(0,1), then, 1-U ~ 
U(0,1) also (Mood and Graybill (1974).Thus let T be the survival time of (4), then it follows 
that:  
 
U=exp[-H0(T)exp(B’x)]                                                                                                  
 
~U(0,1), a uniform random variable and survival time T can be expressed as: 
 
1[ log( )exp( ' )] (7)T H U x    
 
See Bender et al. (2005). The survival time generated in their work follows a proportional 
hazard assumption as presented in (Table 1). The works of Zhou (2001), Austin(2012) and  
Adeleke et al. (2015) however follow (5) where covariate is time varying with introduction of a 
piece-wise exponential function. The latter generated baseline survival time for proportional 
and non-proportional by splitting the survival time into two non-overlapping domains D1(0,t0] 
and D2[t0, t). In using Weibull distribution, at D1 and D2, we obtained. 
1
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Table 1. Characterization of the Exponential, Weibull and Gompertz distributions, Bender et.al.(2005) 
 
Characteristic 
 
Parameter
 
Exponential 
 
Scale parameter 0 
 
Weibull 
Scale parameter 0   
Shape parameter 0v 
 
Gompertz 
Scale parameter 0   
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The introduction of guarantee time into the baseline model, for Weibull distribution, given a 
density function with parameters  and v: 
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Table 2. Characterization of the Weibull distributions for both Bender et.al. (2005) and Adeleke et.al. 
(2015). 
 
Characteristic 
 
Parameter
 
Weibull 
Scale parameter 0   
Shape parameter 0v   
Bender et. al.
 
Weibull 
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We now generate survival times that follow the model with guarantee time and a model without 
guarantee time (9) and (13) for (5) and (6) respectively via Weibull baseline hazard distribution 
(11). The simulation is in folds, the first is by generating censored data that follows 
Nonproportional hazards NPH model for three right censoring levels: Low (25%), Moderate 
(50%), High (80%). Four different samples size 10, 50, 100 and 500 were used to generate 
survival times in weeks. Given the censoring observations fixed at 42 weeks, the times were 
generated from a uniform distribution U(0,1). The time fixed covariate X was generated from 
N(0,1), the time-varying covariate Z(t) was generated as an interaction of Z with the function 
of time, where Z∼B(n,0.5). With the introduction of guarantee time tg, the final survival times 
were generated using (8) through (13). We performed survival analysis on each generated 
data with 1,000 replications. We use the following true values of regression coefficients, = (2,-
1) which are time fixed and time-varying parameters of the extended Cox models. 
 
 
Results and Discussion 
 
The following are the results obtained from the simulation process following asymptotic 
properties of the estimators. Table 3 shows the results obtain using (5) and true parameter 
values. The estimated values slowly increase generally from Low (25%) to High (80%) levels 
of censoring.  Deviation (bias) is high at small sample size and much lower at high sample size 
(N=500). Thus, comparing these estimates at different sample sizes, show that estimated 
values become more stable and centred around the true values. There are high values of bias 
at a moderate percentage of censoring (N=100). This could be due to sampling fluctuation as 
it does not appear to be so at other levels or sample sizes. Although, the general belief is that 
as sample size increases, our estimated parameters should explain better the true values. The 
values increase from low to high percentage of censoring slowly. Overestimation was noticed 
in most of the values, although is at its lowest in large samples.  
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Table 3. Mean values of the estimated coefficients of Extended Cox model. 
 
Sample sizes % Cens (2) (-1) 
10 LOW 3.718 -1.081 
 MODERATE 3.835 -1.000 
 HIGH 3.797 -1.011 
50 LOW 2.185 -1.020 
 MODERATE 2.177 -1.019 
 HIGH 2.159 1.022 
100 LOW 1.893 -1.009 
 MODERATE 0.593 -0.229 
 HIGH 2.212 -1.009 
500 LOW 1.954 -0.999 
 MODERATE 1.931 -1.002 
 HIGH 0.195 -0.004 
 
 The mean values of estimates obtained using (6), Table 4, showed that estimated values 
obtained were high at small sample sizes and low or close to true values as sample size 
increased. Also, sometimes the values increased slowly and sometimes it’s stable and /or 
decreased slowly as the percentage of censoring increased. The degree of bias is very high 
compared to (5). 
 Thus, comparing these estimates at different levels of censoring and sample sizes, it can 
be seen that estimated values increased from low to high levels of censoring slowly (although 
appeared partially overestimated and underestimated). 
 Generally, in both tables, underestimation is more pronounced with the estimated 
parameters of the model (6); (Extended Cox model with guarantee time, see also Table 4). 
These characteristics of estimates are however used to observe the shifts.  
 
Table 4. Mean values of the estimated coefficients of Extended-Cox model with guarantee time. 
 
Sample sizes % Cens (2) (-1) 
10 LOW 3.804 -1.087 
 MODERATE 3.923 -1.005 
 HIGH 3.884 -1.016 
50 LOW 2.235 -1.025 
 MODERATE 2.227 -1.025 
 HIGH 2.209 1.027 
100 LOW 1.937 -1.014 
 MODERATE 0.606 -0.230 
 HIGH 2.263 -1.014 
500 LOW 2.0010 -1.0020 
 MODERATE 1.9990 -0.9100 
  HIGH 2.0010 -1.0070 
 
Performance Evaluation of Absolute Bias (AB)  
 
Table 5 shows the sensitivity of the models in relation to levels (percentage) of censoring. At 
low percentage of censoring, both models (with guarantee and without guarantee time) had 
minimum Absolute Bias (AB) except in one or two case(s) which may be due to sampling 
fluctuation. The reverse is the case when the percentage of censoring is moderate. This shows 
that both models are less biased especially at large sample (N=500). Also, at low and high 
levels of censoring, the estimated parameters of time fixed covariate in the model without 
guarantee time had minimum AB compared with models without guarantee time in a large 
sample. This was best achieved at a low percentage of censoring with minimal AB (0.0010). 
For time-varying covariate parameters, the model with guarantee time possessed the Least 
AB (0.0003) and was best achieved when the percentage of censoring was low, (see table 5). 
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Also, in terms of sample sizes, the least AB values existed when the sample size is 10 followed 
by 500 (large). The highest value of AB occurred at sample size 10 (moderate percentage of 
censoring) as indicated in table 5 and could be due to sampling fluctuation, as it does not 
appear to be so in other levels or sample sizes. 
 
Performance Evaluation of Mean Square Error (MSE) of the Estimated Coefficients 
Showing in the tables (6) and (7), below are the estimated mean square errors of the 
coefficients of models with and without guarantee time. Compared to the model without 
guarantee time (table 6), the model with guarantee time has a smaller MSE( ˆ ) for the 
parameter   (table 6). However, the MSE(  ) from extended Cox model is greater than MSE(
 ) from extended Cox model with guarantee time for all sample sizes except at 500. This is 
consistent at all levels of censoring. Meanwhile, for the MSE( ˆ ) shown in the table (7), 
Extended cox model with guarantee time has smaller MSE ( ˆ ) for the parameter ˆ at all 
sample sizes. Hence, this rules out extended Cox model in the presence of guarantee time. 
Figure 1 is the charts showing the asymptotic behaviours of the model's parameters. 
From Figure1 (left), the behaviour of MSE( ˆ ), at Low, showed that MSE( ˆ ) decreased as 
sample size increased although the rate was faster between N = 10 and 50. At Moderate level, 
the estimates reduced first from N = 10 to 50 and fluctuated as sample size increased. Lastly, 
at high level, estimates reduced sharply from N = 10 to 100 where model with guarantee time 
behaved wildly and increased upward as sample size increased. This was actually unusual 
although initially, followed asymptotic property but faded out at N = 100. Hence, asymptotic 
properties held for models with guarantee time and without guarantee time at low and 
moderate levels of censoring but did not held at high level with guarantee time model. 
 
Table 5.  Absolute Biases of the estimated coefficients, N = 10-500. 
 
Sample sizes N=10 N=50 N=100 
 
N=500 
   AB( ) AB( ) AB( ) AB( ) AB( ) AB( ) AB( ) 
 LOW 1.8036 
0.086
8 
0.063
5 
0.013
9 
0.063
7 
0.013
9 
0.001
0 
0.002
0 
Ext Cox MODERATE 1.9230 
0.004
7 
1.393
6 
0.769
7 1.395 
0.765
1 
0.001
0 
1.910
0 
 HIGH 1.8843 
0.015
9 
0.263
1 
0.014
0 
0.264
7 
0.014
4 
0.001
0 
0.007
0 
 LOW 1.7181 
0.000
3 
0.106
9 
0.008
9 
0.116
1 
0.008
0 
0.046
3 
0.000
7 
 MODERATE 1.8348 
0.081
4 
1.407
2 
0.770
9 
1.411
2 
0.771
9 
0.068
7 
0.001
6 
Ext Cox 
wtGt HIGH 1.7970 
0.010
9 
0.212
3 
0.009
0 
0.220
3 
0.009
1 
1.804
7 
0.995
6 
Malaysian Journal of Applied Science 2018, Vol 3(2): 21-33 
28 
 
 
Figure 1. Asymptotic behaviour of MSE ( ˆ ),and MSE( ˆ ). 
Table 6. Summary of Mean Square Error (MSE( ˆ =2)) of The Estimated Coefficients of models 
 
Table 7. Summary of Mean Square Error (MSE( ˆ = -1)) of The Estimated Coefficients of models. 
Level Low MSE ( ˆ ) Moderate MSE ( ˆ ) High MSE ( ˆ ) 
Sample 
Size 
10 50 100 500 10 50 100 500 10 50 100 500 
Ext 3.7666 0.1110 0.0769 0.0010 3.8541 0.1473 2.5213 0.0330 3.7696 0.1613 0.0700 0.0790 
Ext wtgt 3.4426 0.0874 0.0811 0.0516 3.5157 0.1228 2.5337 0.5944 3.4384 0.1379 0.0458 3.2584 
Level Low MSE( ˆ ) Moderate MSE( ˆ ) High MSE( ˆ ) 
Sample 
Size 
10 50 100 500 10 50 100 500 10 50 100 500 
Ext 0.0110 0.0025 0.00122 0.0010 0.0098 0.0025 0.7753 3.6499 0.0103 4.1098 0.0011 0.0119 
Ext wtgt 0.0100 0.0022 0.00109 0.0027 0.0097 0.0023 0.7753 0.0213 0.0101 4.0892 0.0010 1.0099 
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Also, in Figure 1 (right), the behaviour was quite interesting, MSE( ˆ ) of model with guarantee 
time (High) increased as sample size increased, this was as opposed to the asymptotic 
property, while model without guarantee time satisfied the asymptotic property at Low and High 
levels. The result was different at moderate level where model with guarantee time satisfied 
the asymptotic property. The reverse is the case with model without guarantee time. Hence, 
the asymptotic property held for extended Cox only at Low and High levels of censoring and 
model with guarantee time only at low and moderate. 
 
Behaviour of Mean Square Error at Different Levels of Censoring  
 
Figure 2 and Figure 3 show the behaviour of MSE of time fixed and time varying coefficient  
( ˆ , ˆ ) at different levels of censoring. At sample size 10, MSE’s ( ˆ ) are high for both models 
and as percentage of censoring increases, it also increases. While in the case of MSE’s ( ˆ ), 
tends to zero.  
 
 
Figure 2. Behaviour of MSE from Extended Cox model at different levels of censoring. 
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Figure 3. Behaviour of MSE from Extended Cox model with guarantee time at different levels of 
censoring 
 
The case is different at higher sample sizes (N=500) where MSE’s increases as the percentage 
of censoring increases (model with guarantee time), see Figures 2 and 3 above. The 
implication is that at low levels of censoring, both models performed better and have minimum 
MSE and at high levels, it is fair with a model without guarantee time (Extended Cox model). 
 
Application 
 
We present an example using real-life data on pregnancy duration obtained from a 
retrospective study conducted in Nigeria between January to August, 2015 at Adeoyo 
Maternity Teaching Hospital in Nigeria. In this study, records containing the history of pregnant 
women registered and monitored till delivery were randomly selected. From the record, the 
following observations were taken: Date of Admission (DOA), Date of Delivery (DOD). 
Estimated date of Delivery (EDD), Last menstrual period (LMP), Scan dates, Presence or 
absence of Meconium stained (ms=1, present and ms=0, absent) and blood pressure (BP = 1 
if High, 0 if normal and -1 if low). By considering the report of WHO (2012) as regards the 
moderate and late preterms which occurs from 32to 37 weeks of gestational age, we, however, 
choose our guarantee time as 32. This does not outrightly ignore the births or deliveries before 
32 weeks (i.e guarantee time) but trying to look for a safe time or minimum time within which 
no birth can occur (i.e saving pregnancy women from having abortion, complications, early 
preterm births). Preterm infants are at greater risk than term infants, for complications of 
mortality, prematurity, feeding, hypoglycaemia, jaundice, temperature instability, respiratory 
distress, Oddie et al. (2005), Engle et al. (2007) and William et.al. (2008). Note: the knot used 
during analysis under the step function is t0= 32. i.e: 
 






320
32,1
)(
t
t
tg  
We observed that a high Estimates of Extended Cox model with and without guarantee time 
obtained from data on pregnancy duration were presented in table 3. blood pressure pregnant 
women had relatively lower hazard ratio of 0:929 (se( ˆ ) = 0:090), (P = 0:410) although its 
effect was not significant. Her estimated hazard ratio for error in dating (Err) when pregnancy 
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period was equal to or exceeded 32 weeks was 0:652(se( ˆ ) = 0:087), (P <0:0001). This was 
approximately 35% decreased in hazard for the effect of pregnant women with lower error in 
dating per week increment in time to delivery, especially at age less than 32 weeks. That is, 
there is about 891% increase in hazard ratio for the effect of pregnant women with higher error 
in dating per week increment in time to delivery especially at age less than 32 weeks. The 
presence of meconium stained during the pregnancy indicated a highly significant (P <0:0001) 
hazard ratio of 0:266(Se( ˆ ) = 0:122) when time to delivery exceeded 32 weeks. In the same 
vein, a highly significant (P <0:0001) hazard ratio of 74:000(Se( ˆ ) = 0:495, see Table 8) effect 
when time to delivery was less than 32 weeks.  
 Estimates based on Extended Cox model with guarantee time (6). The presence of high 
blood pressure with hazard ratio of 0:998(Se( ˆ ) = 0:089) had no significant effect (P = 0:984) 
on time to delivery. Estimates of error in dating showed a non-significant (P = 0:089) hazard 
ratio of 1:157(Se( ˆ ) = 0:086) when event time equal to or exceeded 32 weeks, in contrast to 
a highly significant (P <0:001) hazard ratio of 0:273(Se( ˆ ) = 0:257) when was less than 32 
weeks.  
 
Also the presence of Meconium stained showed a significant (P <0:001) hazard ratio of 
0:522(Se( ) = 0:104) effect when time exceeded 32 weeks while in contrast, a non-significant 
(P = 0:988) hazard ratio of 1:007(Se( ˆ  ) = 0:507) when time was less than 32 weeks, Table 
8. In the same vein, comparison of the estimates with and without guarantee time showed that 
model with guarantee time is preferable the more considering model selection criterion. The 
log likelihood ratio (7074:04) less (7076:983) favoured a model with guarantee time, and AIC 
= 7084:042 obtained from a model with guarantee time was preferred to model without 
guarantee time with AIC = 7086:983. Hence, model with guarantee time performed better. 
 
Conclusion 
 
Generally, the framework developed here is for modelling the nature of potentially 
semiparametric non-proportional models with and without guarantee time and the usefulness 
of the methods developed in our work go well beyond the scope of simulations but extends to 
wide range applications. Coupled with the work in Bender et. al. (2005) and Austin (2012), our 
work extends inference methods to a wide range of statistics. More so, further research may 
focus on inferences problems and on joint testing and modelling for multiple covariates, time-
varying covariate along the lines. In summary, the introduction of guarantee time is a new 
concept and covariate effects in non-proportional hazard models pose big problems that need 
lots of attention. The models developed are useful in many applications. However, our work 
also highlighted the need for further research in other directions.  
 
 
Table 8. Estimates from Extended Cox (Non-proportional hazard) Models. 
 
Variables Without Guarantee Time With Guarantee Time 
 Exp( ˆ ) Se( ˆ ) P Exp( ˆ ) Se( ˆ ) P 
High BP 0.929 0.090 0.410 0.998 0.089 0.984 
Error in Dating(gt) 0.625 0.087 <0:0001 1.157 0.086 0.089 
Error in Dating(gt1) 8.910 0.476 <0:0001 0.273 0.257 <0:0001 
Meconium Stained (gt) 0.266 0.122 <0:0001 0.522 0.104 <0:0001 
Meconium Stained (gt1) 74.000 0.495 <0:0001 1.007 0.507 0.989 
Global <0.0001 0.266 
AIC  (5df) 7086.983 7084.042 
-2LOGLIK 7076.983 7074.04 
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